Let R be a commutative ring and
Introduction
Throughout all rings are associative, commutative with identity and all modules are unitary R-module. A submodule L of M is called essential submodule of M, if L ∩ K {0} for any nonzero submodule K of M. (Zhou, D. X. & all (2011) ) introduce and study the concept of e-small submodules, where a submodule N of M is called e-small submodule of M if, for any essential submodule L of M, N + L = M implies L = M. An R-module M is called e-small quasi-Dedekind module if, for each f ∈ End R (M), f 0 implies Ker f is e-small in M. (Mijbass, A. S. (1997) ) introduced and studied the concept of quasi-Dedekind module. In this paper we introduce and study the concept of e-small quasi-Dedekind as a generalization of quasi-Dedekind module. Also, we investigate the basic properties and characterizations of e-small quasi-Dedekind module. Finally we study the relations between e-small quasi-Dedekind modules and some classes of modules. The notation N ≤ M means that N is a submodule of M and N ≤ ⊕ M denotes that N is a direct summand of M.
Preliminaries
Definition 1 Let M be an R-module and N ≤ M. 
N is called essential submodule of M (N
≤ e M, for short) if, N ∩ K {0} for any nonzero submodule K of M.
N is called small submodule of M (N
≪ M, for short) if, for any submodule L of M, N + L = M implies L = M 3. N is called e-small N ≪ e M, (N ≪ e M, for short) if, for any essential submodule L of M, N + L = M implies L = M.M −→ M ′ is a homomorphism, then f (K) ≪ e M ′ . In particular, if K ≪ e M ⊆ M ′ , then K ≪ e M ′ .
Assume that K
Lemma 2 (Aidi, S. H. & all, (2015) , Lemma 2.8 
Proof. Suppose that M = M 1 ⊕ M 2 is e-small quasi-Dedekind. Then, by proposition 2, M 1 and M 2 are e-small quasi-
, where p is the natural projection and i is the inclusion mapping. It is clear that h 0.
On the other hand, we may assume that
Then by lemma 1, Ker f ≪ e M 1 and so M 1 is M 2 -e-small quasiDedekind.
Theorem 2 Let M be an R-module. Then M is e-small quasi-Dedekind if and only if Hom(M/N, M)
Proof. ⇒) Suppose on the contrary that there exists
, where π is the canonical projection. It is clear that φ • π 0 and so Vol. 10, No. 3; 2018 M/N = Z/12Z is not an e-small quasi-Dedekind R-module. 
Remark 4 If M is an e-small quasi-Dedekind R-module, and N ≤ M. Then it is not necessary that M/N is an e-small quasi-Dedekind R-module; for example the
Since M/K is semisimple nonsingular, so by (Lam T.Y(1999) , Exer. 12A.), there exists g : 
For any nonzero f
∈ End R (M), if there exists N ≤ M such that f (N) = f (M), then N = Img for some g 2 = g ∈ End R (M).Proof. 1) ⇒ 2) Suppose that M is δ-small quasi-Dedekind. Let 0 f ∈ End R (M). Suppose that there exists N ≤ M such that f (N) = f (M). For any complement L to N in M, we have N ⊕ L ≤ e M. It is clear that N + L + Ker f = M. So N ⊕ L = M, because M is e-small quasi-Dedekind. So there exists g 2 = g ∈ End R (M) with N = Img. 2) ⇒ 3) Let 0 f ∈ End R (M). Suppose that there exists N ≤ M such that Ker f + N = M. Then f (N) = f (M). So,
∈ End R (M), if there exists N ≤ M such that f (N) = f (M), then N is closed in M. Proof. 1) ⇒ 2) By proposition 5, N ≤ ⊕ M. So N is closed. 2) ⇒ 1) Let 0 f ∈ End R (M). Let Ker f + N = M where N ≤ e M. Then f (N) = f (M).
There exists an epimorphism g ∈ Hom R (M, N) and a monomorphism
Proof. Since M is e-small quasi-Dedekind, by proposition 5,
Thus sgm = gsgm ∈ gM and so N is fully invariant in M. (E(M) ). So the result is obtained. 
Since
N ≤ ⊕ M, N is a closed submodule of M. Since N ⊆ M ⊆ E(M), E(M) contains a copy of E(N). Thus N ≤ e E(N)∩ M implies that N = E(N)∩ M. Since E(N) is injective, E(N) = eE(M) for some e 2 = e ∈ End R
